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I INTRODUCTION

In a series of observational and theoretical studles of
the air flow over an ialand (Malkus and Bunker, 1952), (Malkus and
Stern, 1953), (Stern and Malkus, 1953), the connection between the
turbulent heating in the lower levels of the atmosphere and the
mean velocity perturbations arising from this heating has been
brought out. These mean mctions may appear as quite sizeable
perturbations and at large distances from the energy source, as
it is evidenced by the regularly spaced cloud sireets that have
been observed in the lee of small flat oceanic islands.

However, the problem is of more geneval Interest than
explaining local phenomena due to heating. It 1s hoped that if
a satisfactory model of the small scsle effects can be obtained,
then tnls may eventually lead to an understanding of laréer scale
and more important meteorologlcal problems.

A major problem in the previously mentioned theoretical
studies was the specification of the gross features of the tur-
bulent heating. It was felt that the conventional eddy conduction
equation, which i1s frequently used to get a first orientation into
many problems of atmospheric turbulence, was inadequate in the
present type problem. In this paper we shall elaborate on this
inadequacy and try to make plausible and extend the formalism
used by Stern and Malkus (1953), by recourse to a physical argue-

ment.

It 1is then sought to test the hypothesis by applyling

the theory to the well-known phenomenon of the sea breeze. This
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will be based on the perturbation of an initially undisturbed
gradient wind that ls perpendicular to a heated coast. The super-
position of this gradient wind is not only a realistic condition
that has not been investigated theoretically (to the author's
knowledge), but insures that the linearization technique is sounder
than 1f it were applied to an atmosphere initially at rest., If
the present theory of atmospheric heating 1is adequate it should
give predictions on the sea breeze component which are in agree-
ment with the well known qualitative features, and in addition,
it may be expected to lead to specific quantitative conclusions
regarding the variation of the sea breeze with the various para-
meters, which are capable of celng checked by observations.

A simple description of the physical processes which
produce the mean motions may be obtained by reference to Figure 1,
which i3 a schematic diagram of the air flow over an island that
is at a constant temperature above the surrounding water. At
large distances upstream the undisturbed flow is taken as adiabatic,
with a slight gradient wind (U) perpendicular to the coast. The
undisturbed lapse rate and stability are also consldered constant.
As a result of the large lapse rates that are established over the
island, a turbulent ground layer B is developed wherein heat is
transferred upwards by eddies. This heating tends to displace the
mean streamlines upwards; however, in order to maintain the bound-
ary condition of zero vertical veloclty at the ground, there 1s an
opposing displacement due to the stablility of the alr. The nature

and behavior of this component is quite similar to the displacements
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arising as the result of air flowing over a mountain barrier.
Whereas the turbulent heating and the displacements assoclated
with 1t are confined to the ground layer B (some hundreds of
meters in vertical extent), the mountain component is appreciable
at points far from B. Hence the mean streamlines outside the
ground layer are the same as those that would be produced by an
equivalent mountain whose shape depends on the temperature excess

of the island, the undisturbed wind and stabllity, and the vertical
extent of B.

II DERIVATION OF THE PERTURBATION EQUATIONS
;,‘], %» t; = three rectangular coordinates and time (in c.g.s.
units) respectively. (These will be replaced later

by the corresponding dimensionless coordinates

X, ¥, 2, t.)

U, V = components of undisturbed wind in} ,?% directions.
ut', v!', w' = components of mean dlsturbed velocities }Jl}‘,ﬁ y &
directlions.
P, p, T (or Tp), a, 8 = %ﬁg = undisturbed pressure, density,
absolute temperature. lapse rate, and stability.
p's, p', T' = perturbation pressure, density, and temperature.

) + U 2 + V 2 linearized total derivative.
8Ty T T

f = 2wsinfl = Coriolis parameter.

i

The axis will be oriented so that } 1s in the direction
of the horizontal temperature gradlent at the ground, and the

Z axis points vertlcally upwards. On performing a first order
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perturbation of the inviscld hydrodynamic equations and the

equation of state, one obtains the following baslc equatlions:

1 '
(1 Diut - fvt = - =
) D P %}E‘

| V= . & 42
(2) Div +fu-—-b-=-;—f—
B
P

(3) Dyw! =-% ?-‘El- g
) u! 3’v' zuﬂ

LU SR L N

(5) p' = pRT' + p'RT

Equation (3) 1s now used to eliminate the pressure from
(1) and (2) and equation (l) 1s written in terms of the displace-

ment runction31/ and47. (Subscripts denote partial derivatives.)

g

(6) Dlu'g - fv‘g = 5 pi + Dlwi
(7) Dyvig + fu'y = Dlni

(8) ut = - Uy +qﬂ,); wi=UYs o v =U([}
Substitute (8) in (6) and (7).

(9) D1 (g + bag) - 28y = o * iy
(10) D13y - Wy + Py o) = Dlvh

From (5) it follows that

Tt

P =-—;}-+§é5

ped [
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It may be shown (see Malkus and Stern, 1953) that the
: second term on the right hand side leads to a small damping term
in the final differential equation, which only effects the ampli-
tude of the displacement at large altitudes. The same 1s true
for the terms involving PA) » which have been omitted in the
k3
previous elimination.

To investigate the Influence of these damping terms

the reader 18 referred to the literature on the mountaln wave

problem (e.g., Scorer, 19,49). These terms are eliminated at the

outset of the present discussion by writing

fa TIP3, TV FERW. TE . SRS A TET

1 1
11 —_— t F R
(11) p‘} T ?}

If the flow were adiabatic the temperature perturbation
could be eliminated from the above equations by utilizing the
fact that the total derivative of the potential temperature (@)
was zero. In the present problem, however, an amount of thermal
energy 1s being added at each point which is equal to the diver-
gence of the eddy flux of heat. If this quantity is denoted by
p H(},"l » &» t1), where Cp is the specific heat at constant

pressure, then the first law of thermodynamics may be written as

The first order perturbation leads to

(12) H= DT +w(P-a)=DT + U( - a)V; .

i
|
5

Equations (11) and (12) are now used to eliminate p! and T' from (9).
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(13) Dlgvl + ga'% + Dy %IC + 010y ¢ = o ?7;*,-*
(114-) 'fnz-Dlwq'ﬁ %C*’Dlﬁczo

where T, the mean undisturbed absolute temperature has been

written “‘2Tm to gvoid confusion with subsequent notation, and
v12 = 7 + .
5}2 5'«:2

At this point the dimensionless coordinates (x, y, g, t)
will be introduced, replacing (3,7, & t;).

(15) x}fﬂ_! =7f§§ z=;f§§ t = t1,/es

In addition: ¢? = é; ; (-;- +f%—).

2 2
V (?lx -?212); V= g

Then (13) and (1l) become:

2. 2 2
(16) DOY+¥xx *+ DPys + °sz‘?&*ﬁ'ﬁ %g
x
(17) - 01'22 - D*ty '¢yz + D’xz =0

With a constant value of the Coriolis parameter the elimination
of ¢ from (16) and (17) 1s quite simple. Since the x-axis was
chosen in the direction of the horizontal temperature gradient

T’y may be omitted from the final differential equation.

s
%
Eg’
é
|
§
g;

(18) ('}E * 77—"-)27 2" * Vet Ve " aTmlvsﬂ %—i
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When‘%’and H are written in terms of Fourier expansions
whose typical terms are elkX eiltip(z) and olkX (1At H(z)
respectively (henceforth bars above letters indicate Fourier

components), then equation (18) becomes

o [ wen] $F- [0 -2 and p -

The elimination or¢ from (16) and (17) when the lati-
tudinal change of the Coriolis parameter is considered, 1is more
difficult. This has been carried out for the case when the hori-
zontal temperature gradient along the ground 1s in the east-west
direction, so that 3__1‘ = 0 and %—f- = f (or in dimensionless units
-}% = ’. where ﬁ:’%g). The result corresponding to (19) is

2 . 2 -

1- k{k+

III THE DESCRIPTION OF THE HEATING FUNCTION

If H and )\ are set equal to zero equations (19) and (20)

glve solutions for the steady state mountain problem (Queney, 1947,
1948). However, the inhomogeneous term (H) is the essential driving

mechanism which produces the mean perturbations over the flat
island, and it must be specified by another relation before these
equations can be solved.

In order to describe the turbulent heating one might be
tempted to use the conventional equation of eddy conduction and
set the total derivative of the potential temperature equal to a

constant times the second derivative of the temperature with
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respect to height. It is well known that although the eddy
conductivity varies considerably in space and time, 1t is often
posslble to obtain a first orientation into many phenomena by
assuming an effectlive constant value for this quantity. It 1is
contended however, that in the present type of problem where the
heating induces non-negligible mean vertical veloclties, this
approach 1s inapplicuble, at least without considerable modifica-~
tlon. To give a simple 1llustration of this inadequacy, consider
the essentially adiabatic waves which occur outside the ground
layer. e.g.,, lee waves. These waves vary in magnitude in the
vertical as well as the horizontal direction and the second
derivative of temperature with helght is not zero. In fact,
application of the simple eddy conduction equation would lead to
the untenable conclusion that the amount of heat added at a point
far in the lee may be comparable with the heat that is supplied
at a point in the mlddle of the turbulent ground layer. If one is
to use the 1ldeas of eddy conduction at all, it 1s necessary to
distinguish between the temperature gradlents that are malntained
by turbulent transport and those that are due to adiabatic con-
vective motions., This difficulty might, in principle, be sur-
mounted by using the conventional eddy equation with a condue-
tivity that was an order of magnitude less outslide B than inside,
but because of the complicated shape of B, this formalism seems
hopelessly complex to introduce into the hydrodynamic equatlons.
On the other hand, an alequate formalism must insure that the

heating function approaches zero at far distances from the 1island,




N LTV

‘. SR

i 0 A i I S 305 T T 0 ST SN ARG 05, R W W82 225

-9 -

even when mean vertical velocities due to the heating exist in
these reglions (it is assumed, of course, that there are no other
mechanisms, such as condensation, which are producing heat sources),
The following discussion 1s an extension and elaboration of the
method of Stern and Malkus (1953).

Because of the fact that the temperature perturbation
is due to a combination of two different mechanisms; namely,
turbulent transport and adliabatic convective motions, it 1s in-
convenient to attempt to describe the heating in terms of this
quantity as the dependent variable. Instead, the present formalism
evolves about the heating function which is the divergence of the
eddy flux, and we shall try to justify the major premise that this
can be determined independently of the mean vertical velocities
which 1t produces. This 1is clearly the case at the lower bound-
ary, as 1s seen from Eq. 12, and here the heating function can be
determined from the temperature along and the shape of this bound-
ary, and is not explicltly related to the vertical velocities that
are produced aloft. What can be said about the variation of the
heating function in the vertical?

In Figure 1, consider the affect of inserting a series
of horizontal grids, or large screens, into the fleld of motion.
At any point the spacing of the gridwork is large compared with
the mean eddy size and small compared to the distance over which
one averages to obtain the mean vertical veloclty and temperature.
Then the turbulent eddies will pass through the gridwork relatively

unaffected while the mean vertical velocitles will be reduced
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towards zero. The screens are effectively a solid barrier to the
mean motions. It is hypothesized that the eddy flux of heat, and
in particular, its divergence, 1s unaffected by variations of the
mean perturbations due to the imposition of these constralnts.

By this means 1t 1s possible to consider the extremely complex
turbulent heating process independently; then, acting as a fixed

driving force, the heating function produces streamline displace-

. ments as determined by Equation 18, and the boundary conditions.

Accepting this hypotheslis, a differential equation for
H is now derived by applying the simple ideas of eddy conduction
to the model in which the mean vertical velocitlies have been re-
duced to zero. Denote the temperature in this model by T, (3,*],
Zs t) and note that this is, in general, different from T! (},‘1,
%z, t), the temperature distribution in the model whose mean motions
it 1s desired to investigate (Figure 1). To see this, consider
the reglon outside B where H®%0. For the original model (Figure 1,
flat island) it follows from (12) that

oyl T 9dm

y,u(l"l.-a)+ T’—-‘*'VT')—'FTT:L:OJ

whereas

1Te . 9 Te

We'=0 and U7—-+V7+7T._O
} 1
for the second model.

Applying the first law of thermodynamics to the second

model, we obtain the following relations:

;

)
{
!
i
{
i
{
{
'
i
|
f
i
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(21) H= ? tl + L)’ + VTi—
22 H = K
(22) Z

Upon elimination of Tg there results

(23 A u_}_’fh V%i}l=K}§§

In deriving (23) it is assumed that K has a constant effective

value for the turbulent ground layer B. The fact that the measured

eddy conductivity is an order of magnitude less, far outside B is
of little moment in thls formalism because (23) insures that H is
small at these points. It is to be noted that when the mean ver-
tical velocitles can be neglected (23) reduces to the familiar
eddy conduction equation, where temperature replaces H.

In addition, the boundary value of H follows directly
from the first law and is Independent of any previous assumptions

regarding the eddy transportl.

() B, o) t1) = (P B ) TR e 8

Returning to the model in which the horizontal temperature
gradient at the ground is in the direction of the x-axis and
writing (23) and (2}) in terms of the dimensionless coordinates

there results,

i If the ground 1s not flat but has an elevation given by
V (;,4’ » 0), then one merely adds the term U(P - a)
to the right hand side of (2l). ¥
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2
(25) (725“?;) H-—-b?a—z—%
H(x,o0,t) = /g8 (‘,25 + ;)i') T'(x,0,%)

where

2 K
bc =
Uz

Substituting the Fourier components for H and T!' we get,
%z_g-iﬂ%l).ﬁ=
z b
H(z=0) = JES i(k+)) T,

(26)  ~ E=yEs 1\ To oxp - [(: £ e A1 ;]

where

T, is the amplitude of the (k,)) ha{monic of the tempera-

ture at the ground and (X 1) = e Ef according as (k+A) is

greater or less than zero.

IV THE GENERAL SOLUTION OF THE DIFFERENTIAL EQUATION FOR THE
MEAN STREAMLINES

Upon substituting (26) into (20) there results,

(27) [02’_k(k::)2] )L:g_ [k2 - x2 (k+))2] ,i"___ - :i:‘*az To .

e oXp - [(i N 'k+)\|*b"1 z]
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Solving, one obtains

(28) =R [Blaid - sizi]

where

i Ao
K (k+ 1 -
(29) H(x,\) = To , (s Q) [ K{EK+A ]

3Ty [Sk+))? - c?][i :* L. r2]

and

02 o k2 - k2 (k+))?

. Be
- (kN2 (- TS VIR

E

! c?

¢

: f(z,k,)) = linear combination of e~T2 and e*Tr?
h(z,k.)) = exp - [ (+ 1) ]k+A|hb"1 z]

PVNTY T

The solution for the displacement v’ror an arbitrary

temperature distribution along the ground 1is

e .00 !
(30) V'(x,z,t) = Jiﬁ(k.)\) elkx oiAt [h(z,k,/\) - r(z,k.x}uccuf
Jpo 900

The solution is separated into two parts 1’1 and '#’2, where

YoV - Yo ane

(31) ‘h(x. z,t)

t+0
4o
‘[d}ei"t [ M(k,\) elkX n(z,k,)) dk

© 10
[Qeixt-/ H(k,)) elkx f(z’k’)) dk

The first component satisfies the heat conduction equation

2
FEh-25G

(32) 'VQ(XQ z,t)

E
§
|
g
:

e e o A————rt ot i e = 4
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while the second component satisfies the homogeneous differential

equation. Since )0(x,o,t) = 0 and h(o,k,A) = 1. Therefore,

‘ *00 400
(33) % (x,0,t) = M(x,t) = ‘/s”\t d"j H(k,)) olkX gy

M(x,t) has been called the equivalent mountain function
since the component ]Pé(x,z,t) 1s mathematically identical to the
alr flow over a mountain whose profile is given by (33). 1In
addition, (33) also determines the conduction component‘yi, but
aside from the fact that it 1s necessary to satisfy the boundary
condition at the ground it is of 1little interest, since it de-
creases rapldly outside the ground layer. Thus the problem of
alr flow over neated terrain is essentlally reduced to the investi-
gation of the equivalent mountain (Equation 33). 1In the discus-
silon to follow 1t 18 convenlent to consider the scale of the heat-
ing in a fashion.similar to that used by Queney (1948) in discuss-
ing mountain waves. For each scale different sets of parameters
become important and allow simplification of the results. The
scale divisions and the approximations entailed in each are

summarized on the following page.
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Size of "island"
L (k m)

Simplifications in

evaluating equivalent
mountain

Small

|

2

ﬁ «1

Coriolis parameters
(c,l’o) omitted from
equivalent mountain

Middle

K2ac 1

ﬂo omitted

Large

TR

ol Wwix

V THE SMALL SCALE SOLUTION - PREDICTIONS ON THE SEA BREEZE

considered.

In this paper, only the small scale solution will be

The omission of a discussion of the larger scale

solution is not primarily due to any inherent mathematical

problems, but rather to the conceptual difficulties in assigning
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values for the eddy conductivity and the undisturbed parameters.

Moreover, it is felt that confidence in the heating hypothesis

should first be obtained by applying the theory to such well i

known local phenomena &s the sea breeze to test its adequacy.
However, formal manipulation of the larger scale solutions have
been carried through and it is believed that these may be of
heuristic value. The author intends to be able to report on
this in the near future.

For the sake of definiteness we consider a small flat
island (of the order of tens of kilometers in width and sensibly
infinite in length) which is at a uniform temperature above the
surrounding water. The temporal variation of this temperature
difference is assumed to be represented by a finite number of
Fourier harmonics, with the predominant one being the diurnal

period (P = 2|} hrs), then )\= 2x (A~10-2), We now make the

P(ES

small scale approximation and neglect é.and.& in comparison with

unity. This is valid for heat sources whose characteristic

horizontal dimension L is much less than UP. Equation (29) then

becomes
E'—' TO 1
sTp Ik + 1-k2
bT -

If the ground temperature is given by
+00
T,(x,t) = cos At / Tolk) elkx ax

then the equivalent mountain is, from (33),
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1k
(3h)  M(x,t) = 93-?*— jf T Tol) gy

- k2 +1

This differs from the steady state solution obtained by Stern
and Malkus (1953) only in the presence of the cosAt term. By
simple extension of their results it is easily shown that the

sea breeze component perpendicular to the windward shore of

the island 1is

~ &N
_ T cosAt Jgs cosz e’P .
(35) ut = 371‘.;1 1((&2 - a1) P dp ; x$ 0
"Q.‘

where

= 0 is at the windward shore

aj 1 [ h]
= 1 + 1l - 4b
a;} 22 |~ b
K
b2 = ;6? J_S-S

A’ cos\t = temperature excess of the island

In Haurwitz's (1947) heuristic model of the sea breeze it turns
out that without friction the predicted sea breeze is 90° out
of phase with the temperature. Defant's (1951) model of the

sea breeze shows a phase difference of l;.7 hours when friction

|
y
i
,ié
g
Z
:

is not considered. His theory while somewhat similar to the
present one uses the conventional law of eddy conduction and
further, neglects completely the non-linear inertial term. It is

seen from the preceding analysis that the predicted sea breeze
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component is in phase with the diurnal temperature wave, and it

is not necessary to introduce friction to explain this often !

observed phenomenon.2 %
Figure 2 (after Stern and Malkus, 1953) shows the var- ;

iation of the sea breeze component (u') at the windward shore ;

with the other atmospheric parameters. The quantities u' and 7~

in this dlagram may be interpreted as instantaneous values 1in

the 2l hour cycle. From this diagram it is seen that the ratio

of the eddy conductivity to the square of the basic current is

of great importance in determining the magnitude of the sea breeze.

It will be noted that, on the scale considered, the Coriolis

force has no influence on u' and this is due to the fact that the

horizontal pressure gradient and the inertial forces are much

larger and control the motion in the x-z plane. However, the

sea breeze component parallel to the coast i1s primarily balanced

by the Coriolis force, as shall be seen subsequently when the hod-

ograph 1s discussed. Before turning to this, some observational

work in connsection with the preceding formula will be discussed.
The success of the present model in obtaining a

realistic plcture of the sea breesze phenomenon has encouraged

attempts to obtain quantitative observational checks. By

differentiating equation (35) with respect to x and denoting

Ju! = qu'
Ue 2x 3}

at x = 0, z = Q0 by G, one arrives at the following

2However 1t must be pointed out that this has only been shown
for a model in which the ground temperature reaches its max-
imum value in a distance that is less than UP.
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simple expression:

(36) ;}Jﬁn =1

where
T = temperature excess of i1sland at a given time,
U = undisturbed wind component perpendicular to coast,
T, = mean absolute atmospheric temperature.

Although all explicit reference to the vertical distribution of
heating has been eliminated iIn the above equation, 1its validity
depends on the fact that a constant effective eddy conductivity
for B may be chosen. In addition it contains relatively simple
observables (temperature and horizontal wind speed) and seems
capable of being checked. Its validity would not only confirm
the theory, but would afford a simple means of calculating K
(see Stern and Malkus, 1953), by means of an additional formula.
Durling the summer of 1952, a small exploratory field
program was undertaken, mainly with the purpose of determining
whether or not the expected slope in the wind profile indicated
by (36) could be measured. Figure 3 shows a series of wind
profiles obtained running from the southern shore of Nantucket
to the interior of the island. Three minute averages on a small
cup anemometer placed about seven feet above the ground were
made at each station. Although measurements of distance and
angles were rough, determination of the mean slope for each of

h s was made and the quantit com uted.‘ The results
the runs was m n q y éEﬁ;U p

are shown in Table 1. It 1s to be pointed out that for comparison
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with the theoretical relation (36), what 1s really wanted is the
wind gradient from the shore out to sea rather than the one that

was measured. Table 1 indicates that the measured quantity éEg'U
m

is constant within observational accuracy, fluctuating about a

mean of two. The systematic deviation from the predicted value

of unity is believed to be due to:
a) The ratio of the measured slope (on land whare the sea

breeze is decreasing with x) to the slope over the sea

(where the sea breeze 1s increasing).
b) The non-uniformity of the island temperature.
A more intensive observational program 1is being considered by
the meteorology group at this Institution which is based on the

measurement of pressure differences to test (36). Thus, since

U%;-'— = - %%;L equation (36) becomes

B -

where

mean atmospheric density= 1.2 x 10-3 gms cm™3
980 cm sec-2

X ® To|
i

temperature excess of island at a given time

- s?‘,gl = W = perturbed pressure gradient at windward shore at a

given time.
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There seems to be little doubt that the pressure gradient associated

with the sea breeze can be accurately measured (see for example,

Leopold (1949)).
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Table 1

RESULTS OF SEA BREEZE MEASUREMENTS

Angular Deviation
Run No. G T of undisturbed :_’55
em/sec/800 ft. °p wind from normal nGTy

to coast

1 95 3.7 Ls° 1.8
2 90 5.0 30° 2.2
3 100 5.0 20° 1.7
L 60 5.7 0° 2.7

Computation of Te from observational measurements for com-

nGTyU

parison with theoretical results.

U is the component of un-

disturbed gradient wind that is perpendicular to the coast,

T 1s the temperature excess of the island above the water, G

is the horizontal gradient of the horizontal wind, Tp

g = gravity, n = 3.141.

300°¢C,
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In concluding this section we present some conclusions
on the turning and the hodograph of the sea breeze., This subject
has received considerable theoretical and observational attention
and it 18 generally accepted that the turning i1s due to the
eartht!s rotation. The major purpose of the following development
1s to show how the rarious atmospheric parameters such as
stability, eddy conductivity and undisturbed wind speed effect
the hodograph. To compute v! equation (2) is used, and since the
temperature gradient in the y directlon vanishes, the y derivatives
of the perturbation quantities are neglected. In dimensionless

coordinates the y equation of motlion becomes

(v =-cw

The solution of this equation is

t
V|(x,t)=-c[ u'[x-t+7,")] dv

where a is a constant of integration, as may be verified by
differentiation. This will be evaluated at x = 0, which is
the windward shore of the island. Now, u' varles as cos)t,
hence at t = - %&, u' = 0, and we assume v' =0 at t = t, - EX’

where t, is small compared to g&.

on et Sagiyen g

to-‘ 5 "t

The value of u' is given by equation (35), but rather than

attempt to integrate this complicated expression i1t 1s approximated




by a simple exponential function which fits it in the vicinity of
the windward shore. Thus, 1f u, 1s the amplitude of u' given by
(35) when x = t = 0 and G is the slope of this curve at the same

point (i1.e., G = %;L') then,

ut(x,t)u, exp X G coslt x60
uoiug

where

We seek the behavior of v' when tp) - g%n:- 102, i.e., well

after the time of onset of the sea breeze. Since X £ & 0

uQU

when x = t5 =~ gL - t we may write (37) as

o
ﬂéﬁi_“l = Re j o1t oxp (—lé + 129) a9
;t

(38) - V:SO,t! = Re e

where Re denotes "real part of".

From equation (38) it 1s seen that the sea breeze component
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parallel to the coast is, in general, not of the same phase
S

o [
as the diurnal temperature wave. The quantity is a

measure of the denth of the sea breege, or how far out to sea
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it exteﬂds. When the depth is small compared with the distance
that an air parcel travelling with the speed of the undisturbed
wind would cover in %% hours, then v'! = -c u4 cosAt. In this case
v' 18 much smaller (~10-2 times) than u' and the hodograph of the
sea breeze components would be a straight line almost perpendicu-
lar to the coast. Figure L, shows the theoretical hodograph

when G = = .05, A=c¢ = 10-2, This might correspond to a
o) U;
sea breeze that was five kilometers deep. It 1s readily saown

from (38) that these hodographs are elliptic. The point labelled
At = 0 in Figure |} represents the time of maximum heating, i.e.,
the temperature difference between land and sea 1s a maximum.

For deeper sea breezes, decreases thereby increasing both

uo‘UQ
the amplitude and phase angle of v', and hence the hodograph
would tend to become more circular. These relations between ihe
depth of the sea breeze and the shape of the hodograph at the
coast would appear to have some interesting practical applica-

tions.

SUMMARY AND CONCLUSIONS

The first part of this paper deduces the equation of
motion for & non-adiabatic atmosphere where the mean motions
are small perturbations compared with the velocities in the basic
current. The resulting partial differential equation is, aside
from the non-homogensous forcing function, the same as that for

air flowing over a mountain.
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It is then sought to determine the mean perturbations
that have their energy source in the turbulent heating near the
ground. The inadequacy of the conventional formalism which de-
scribes the heating by means of an eddy conduction equation for
the potential temperature is shown. Instead the heating is de-
scribed in terms of H which is equal to the divergence of the
eddy flux of heat, or to first order the total derivative of the
potential temperature. On the basis of some physical arguements

and hypotheses it 1s proposed that this function satisfies the

equation

where é% 18 the total hydrodynamic derivative and K is a mean

value of the eddy conductivity for the turbulent ground layer.

The steady state solution of the equations of motion
using a heating function that satisfles the above equations has
been discussed by Stern and Malkus (1953) and compared with
observations over Nantucket Island.

In order to further substantiate the theory this paper
then proceeds to discuss the sea breeze by retalning the time
derivatives and the Coriolis parameter where necessary on the
scale pertaining to this phenomencn. It is shown that the sea
breeze component perpendicular to the coast is in phase with
the diurnal temperature wave and that it is not necessary to
introduce friction to explain this. However, the sea breeze

component parallel to the coast has a varlable phase depending
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upon the depth of the sea breeze. The theory demonstrates the
role of the various atmospheric parameters on the shape and size
of the elliptic hodograph of the sea breeze components.
Preliminary observations of the sea breeze produced
by a small flat island (Nantucket, Massachusetts) have indicated
that quantitative as well as qualitative agreement of the theory
may be expected. By means of this theory the sea breeze may be
used as a frultful tool to investigate the gross properties of

turbulent heating near the ground, and it is hoped to be able

-to continue these observational studies.

The satisfactory plcture of local convectlve phenomena
that 1s produced by turbulent heatling near the ground, would
suggest that the theory now be applied to a larger scale. Pre-
liminary theoretical investigations lndicate that, desplte
obvious difficulties arising from assigning eddy conductivities
on this scale, certaln conclusions can be drawn which may be of
heuristic value. This will constitute the subject of a future

paper.



|
!
E
E
E
g
z
:

REFEREN CES

Defant, F., 1951t Local winds. Compendium of Meteorology
pp 655-672. Am. Met. Soc., Boston

Haurwitz, B., 1947: Comments on the sea breeze circulation.
J-‘ Meteor., Ll., pp 1'80

Leopold, L. B., 1949: The interaction of the trade wind and
sea breeze. Hawaii. J. Meteor., 6, pp 312-320.

Malkus, J. S. and A. F. Bunker, 1952: Observational studies
of the air flow over Nantucket Island during the summer of
1950. Pap. Phys. Ocean. and Meteor., M.I.T. and Woods
Hole Oceano. Inst., 12, No. 2. 650pp.

Malkus, J. S. and M. E, Stern, 1953: The flow of a stable
atmosphere over a heated island. Part I. J. Meteor., In
Press.

Queney, P., 1647t Theory of perturbations in stratified currents
with application to air flow over mountain barriers. Misec.
Rep. 23, Dept. Meteor. Univ. Chicago. 81 pp.

Queney, P., 161i8: The problem of air flow over mountains: A
summary of theoretical studies. Bull. Am. Met. Soc., 29,
pp 16" 25 L)

Scorer, R. S., 194,9: Theory of waves in the lee of mountains,.
Quart. J. Roy. Met. Soc., 75, pp L1-56.

Stern, M. E. and J. S. Malkus, 1953: The flow of a stable
atmosphere over a heated island. Part II. J. Meteor., In
Press.

e e e+ et e i e o o e e e ok e ey i



VA X Ty

O gttt AN oA e AR S S I T o Sl TN I S AN SIS AES, T TS 7 YT

Technical Report Distribution List 3 April 1952

ONR Project NR-082-021
S
Address

Chief of Naval Research, Navy Department, Washington
25, D. C. Attention: Code }16

Director, Naval Research Laboratory, Washington 25,
D. C., Attention: Technical Information Officer,
Code 2000

Commanding Officer, Office of Naval Research Branch
Office, 346 Broadway, New York 13, New York

Commanding Officer, Office of Naval Research Branch
Office, 84l; North Rush Street, Chicago 11, Illinois

Commanding Officer, Office of Naval Research Branch
0ffice, 1030 E. Green Street, Pasadena 1, California

Commanding Officer, Office of Naval Research Branch
0ffice, 1000 Geary Street, San Francisco, California

Commanding Officer, Office of Naval Research Branch
Orffice, 150 Causeway Street, Boston, Massachusetts

Officer in Charge, Office of Naval Research, Navy No. 100

Fleet Post Office, New York, New York

Department of Aerology, U. S. Naval Post Graduate School,

Monterey, California

Aerology Branch, Bureau of Aeronautics (HA-S), Navy
Department, Washington 25, D. C.

Mechanics Division, Naval Research Laboratory, Anacostia
Station, Washington 20, D. C. Attention: J. E. Dinger,

Code 3820

Radio Division I, Code 3420, Naval Research Laboratory,
Anacostia Station, Washington 20, D. C.

Meteorology Section, Navy Electronics Laboratory, San
Diego.52, California Attention: L. J. Anderson

Library, Naval Ordnance Laboratory, White Oak, Silver
Spring 19, Maryland

Copies



W, TN SO, WA,

:
g
{
|
:
;

s

R

Technical Report Distribution List 3 April 1952
ONR Project NR-082-021

’2-
Address

Bureau of Ships, Navy Department, Washington 25, D. C.
Attention: Code 851

Bureau of Ships, Navy Department, Washington 25, D. C.
Attention: Code Bll

Bureau of Ships, Navy Department, Washington 25, D. C.
Attention: Code 327

Chief of Naval Operations, Navy Department, Washington 25,
D. C. Attention: OP-533D

Oceanographic Division, U. S. Navy Hydrographic Office,
Suitland, Marylend

Library, Naval Ordnance Test Station, Inyokern, China
Lake, California

Project AROWA, U. 8, Naval Air Station, Building R-48,
Norfolk, Virginia

The Chief, Armed Forces Special Weapons Project, P. 0.
Box 2610, Washington, D. C.

Office of the Chief Signal Officer, Enginesring and
" Technical Service, Washington 25, D, C. Attention:
SIGGE-M

Meteorological Branch, Evans Signal Laboratory, Belmar,
New Jersey

Office of the Quartermaster General, 2nd and T Streets,
S. W., Washington 25, D. C. Attention: Environmental
Protection Section

Office of the Chief, Chemical Corps, Research and
Engineering Division, Research Branch, Army Chemical
Center, Maryland

Commanding Officer, Air Force Cambridge Research Labora-
tories, 230 Albany Street, Cambridge, Massachusetts
Attention: ERHS-1

Chief of Staff, Headquarters USAF, The Pentagon, Washington

25, D. C. Attention: AFDRD-RE

Cogiga



Technical Report Distribution List 3 April 1952
ONR Project NR-082-021
-'3-
Address Copies

Headquarters, Air Weather Service, Andrew A. F. Base,
Washington 20, D. C. Attention: Director Scientific
Services 2

Commanding Generw«l,--Air Materiel Command, Wright-Patterson
Alr Force Base, Dayton, Ohio Attention: MCREEQO 1l

Commanding General, Air Force Cambridge Research Center,

230 Albany Street, Cambridge 39, Massachusetts

Attention: CRHSL . 1l
Commanding General, Air Research and Development Command,

P. O. Box 1395, Baltimore 3, Maryland Attention: RDDG 1

Department of Meteorology, Massachusetts Institute of
Technology, Cambridge, Massachusetts Attention: H.
G. Houghton 1l

Department of Meteorology, University of Chicago, Chicago
37, Illinois. Attention: H. R. Byers 2

Institute for Advanced Study, Princeton, New Jersey
Attention: J. von Neuman 1

Scripps Institution of Oceanography, La Jolla, California
Attention: R. Revelle 1l

General Electric Research Laboratory, Schenectady, New
York Attention: I. Langmuir 1l

St. Louis University, 3621 Olive Street, St. Louis 8,
Missouri Attention: J. B. Macelwane, S. J. 1

Department of Meteorology, University of California at
Los Angeles, Los Angeles, California Attention:
M. Neiburger 1

Department of Engineering, University of California at
Los Angeles, Los Angeles, California Attention:
L. M. K. Boelter 1l

Department of Meteorology, Florida State University,
Tallahassee, Florida Attention: W. A. Baum 1

Sl Sal i iiunin, A At ol A i A T . . O e T B B T R e e




Technical Report Distribution List 3 April 1952
ONR Project NR-082-021 .

-l -
Address Copies

Woods Hole Oceanographic Institution, Woods Hole,
Massachusetts Attention: C. Iselin 1l

The Johns Hopkins University, Department of Civil
Engineering, Baltimore, Maryland Attention: R. Long 1l

The Lamont Geological Observatory, Torrey Cliff,
Palisades, New York Attention: M. Ewing 1

The Johns Hopkins University, Department of Physics,
Homewood Campus, Baltimore, Maryland Attention:
G. Plass 1

New Mexico Institute of Mining and Technology, Research
and Development Division, Socorro, New Mexieco
Attention: E. Wprkman 1

University of Chicago, Department of Meteorology,
Chicago 37, Illinoia Attention: H. Riehl 1

Woods Hole Oceanographic Institution, Woods Hole,
Massachusetts Attention: A. Woodcock 1l

Iowa State College, Department of Physics, Ames, Iowa
Attention: J. E. MacDonald 1l

Blue Hi1ll Meteorological Observatory, Harvard University,
Milton 86, Massachusetts Attention: C. Bruoks 1

Department of Meteorology, Universlity of Washington,
Seattle 5, Washington Attention: P. E. Church 1

Laboratory of Climatology, Johns Hopkins University,
Seabrook, New Jersey, Attention: C. W. Thornthwaite 1l

Institute of Geophysics, University of California at
Los Angeles, Los Angeles, California Attention:
J. Kaplan 1

Department of Meteorology, New York University, New
York 53, New York Attention: B. Haurwits 1l

ol SR T X YN B ST B il A TSN SE G T AP IR 2 PRI T T 0. VTR T T J. SRt

Texas A and M, Department of Oceanography, College
Station, Texas Attention: D. Leipper 1




vwwg

S -

Technical Report Distribution List 3 April 1962 %
. ONR Project NR-082-021 §
-5-

Address Coples

Massachusetts Institute of Technology, Department of
Meteorology, 77 Massachusetts Avenue, Cambridge,
Massachusetts Attention: T. F. Malone 1

Cornell University, Department of Agronomy, Division
of Meteorology, Ithaca, New York 1

Pennsylvania State College, School of Mineral Indus-
tries, Department of Earth Science, State College,
Pennsylvania Attention: H. Neuberger 1

Rutgers University, College of Agriculture, Department
of Meteorology, New Brunswick, New Jersey 1l

AL A XIS

University of Texas, Department of Aeronautical .
Engineering, Austin, Texas Attention: K. H. Jehn 1

University of Utah, Department of Meteorology, Salt
Lake City, Utah Attention: V. Hales 1

University of Wisconsin, Department of Meteorology,
. Madison, Wisconsin., Attention: V. Suomi 1l

National Advisopry Committee of Aeronautics, 172 F Street,
N. W., Washington 25, D. C. 2

U. S. Weather Bureau, 2,;th and M Street, N. W.,
Washington 25, D. C. Attention: Sclentific Services
Division 2

Committee on Geophyslics and Geography, Research and
Development Board, Washington 25, D. C. 2

Alr Coordindating Committee, Subcommittee on Aviation.
Meteorology, Room 2D889-A, The Pentagon, Washington 25,
D. C. 1

American Meteorological Soclety, 3 Joy Street, Boston
8, Massachusetts, Attention: The Executive Secrstary 1

Laboratory of Climatology, Johns Hopkins University,
Seabrook, New Jersey Attention: M. Halstead 1l

U. 8. Naval War College, Newport, Rhode Island 1




AR TSV

SRR it 0buidnentoioiti, NS B 8 DA Sl A AT Y D N I iR A L TRVERC - LG N 0T T 8

- e e s 10w vt =

Technical Report Distribution List 3 April 1952

ONR Project NR-082-021
-6-
ADDITIONAL DISTRIBUTION LIST

Person or Organlzation

Brookhaven National Laboratory, Upton, L. I., N. Y.
Attention: Meteorology Group

Chief, Meteorological Division, Blological Department
Chemical Corps, Camp Detrick, Frederick, Maryland

Dr. August Raspet, Engineering and Industrial Research
Station, Mississippi State College, State College,
Mississippi

Dr. E. W. Hewson, Diffusion Project, Kound Hill, South
Dartmouth, Massachusetts

Dr. Hunter Rouse, Director, Iowa Institute of Hydraulie
Research, State University of Iowa, Iowa City, Iowa

Head, Department of Physics, University of New Mexico,
Albuquerque, New Mexico

Mr. Wendell A. Mordy, Hawaiian Pineapple Research
Institute, Honolulu, Bawaii




